ANNEALED BROWNIAN MOTION IN A HEAVY TAILED 
POISSONIAN POTENTIAL 

RYOKI FUKUSHIMA 
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Abstract. Consider a d-dimensional Brownian motion in a random potential 
defined by attaching a non-negative and polynomially decaying potential around 
Poisson points. We introduce a repulsive interaction between the Brownian path 
and the Poisson points by weighting the measure by the Feynman-Kac functional. 
We show that under the weighted measure, the Brownian motion tends to localize 
around the origin. We also determine the scaling limit of the path and also the 
limit shape of the random potential. 

1. Introduction 

1.1. The modeL Consider a random potential defined by attaching the shape func- 
tion v{x) = |x|^°Al {d < a < d + 2) around a Poisson point process (w = J^i^^^i^^) 
with unit intensity as foUows: 



VJx) 



E 



V[X 



Ui 



Suppose we are also given the standard Brownian motion {{Xt}t>o, {Px}x£R'') oii 
W^. In this paper, we are interested in the long time behavior of a Brownian motion 
under the annealed path measure defined by 



:i.ii 






expj- /" V^{X.,)ds\ : A 



where Zt denotes the normalizing constant 



1.2) 



Zt = E®Eo 



exp 



VUX,)ds 



The weight exp{— f^ Vi^{Xs)ds} introduces a repulsive interaction between the Brow- 
nian path and Poisson points. Since the averages are taken over both the path and 
the configuration, it is natural to expect that u tends to rarefy in a region around 
the origin and the path favors to stay there. However, it is often challenging to 
prove that such a localization is typical under Qt. 
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1.2. Early studies. We mention some early studies which are related to ours. 
When a > d + 2, which is referred to as the light tailed case, Donsker and Varad- 
han [4] determined the asymptotics of the normalizing constant 



:i.3) 



expj-y K.(X,)ds| 



= exp<^- inf {Ai(f/) + |f/|}t^(l + o(l)) 

I U: open 

as t goes to oo, where \U\ and Xi{U) stand for the volume of U and the smallest 
Dirichlet eigenvalue of —A/2 in U, respectively. It follows from Faber-Krahn's 
inequality that the unique minimizer of the above variational problem is the ball 
with a certain radius Rq, up to translation. This result suggests that the dominant 
contribution to the right hand side of (1.3) comes from the following strategy: there 
exists a; G M*^ such that u{B{x, RQt^/^'^'^'^'>)) = and the Brownian motion {Xs}o<s<t 
stays in the ball. Indeed, one can easily see that this specific event gives the correct 
lower bound. Motivated by this observation, Sznitman [9] {d = 2) and Povel [8] 
{d > 3) proved that the above confinement is typical under the annealed path 
measure when v has compact support. They also proved that the scaled process 
|^-i/{'^+2)j^^2/(d+2)<,}5>o converges to a Brownian motion conditioned to stay in a ball 
with radius Rq and random center. See also Bolthausen [1] for a similar result in 
two-dimensional discrete space setting. 

On the other hand, in the heavy tailed case d < a < d + 2, Pastur [7] (first term) 
and the author [5] (second term) determined the asymptotics of the normalizing 
constant 

expl- V^{Xs)ds I = exp l-ait^ - (a2 + o(l))t^^^^ | 



(1.4) E(g)Eo 
as t — )■ oo, where 

(1.5) ai = UdT 



a — d 



a 



) 



(1.6) 02= inf \ [hv(l){x)\'^ + C{d,a)\x\'^(l){xYdx 

II0IIl2=i 

with Ud being the volume of the unit ball, C{d, a) > a constant, and W^'^{M'^) the 
usual Sobolev space. The constant C{d, a) admits an explicit expression ^F (^^-^^) 
with ad the surface area of the unit sphere. As in the light tailed case, the correct 
lower bound of (1.4) can be given by considering a specific strategy: 

(Stl) K.(0) = aif t-^ + o{t-^^^), 

(St2) VM - VUO) = Cid,a)r''^^\x\^ + o{t'''^^) for \x\ < Mt^^^^, 

(St3) supo<5<t |Xs| < Mt " 4« , and 
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(St4) Lt = jf^6x^ds is, after the diffusive scaling with spatial factor t 4^ , 
weakly close to 0i(a;)^da;, where 



d 



is the unique minimizer of (1.6). 

Let us informally explain how this strategy gives the correct lower bound. The first 
event (Stl) has probability 

(1.7) P ( K;(0) = ax-r^^ + o [t — 5^ j 1 > exp <^ -ai 1' + o U^^J ^ • 

The second event (St2) introduces no extra cost since conditioned on (Stl), its 
probability is not too small. In fact, it is close to 1 when a > 2 and even when 
q; < 2, it is only polynomially small. As for the third and fourth events, Donsker 
and Varadhan's large deviation principle shows that 



a + d-2 



(1.8) Po((St3) and (St4) hold) > expi-t''^^ /" i|V0i(a;)pda; + o (t^ 
after letting M — > oo. Summarizing the above, we obtain the correct lower bound 



1.9) 



exp <^ - / K;(X,)ds \ ■ (Stl)-(St4) hold 







> exp {-„,rf - «^ (/ i|V^,(.)P . C(d.oMH^f<^^ . o(i: 

From this observation, it is natural to ask whether the above strategy is typical 
under Qt or not. 

1.3. Results. The results of the present paper show that the events (Stl)-(St4) 
consisting the optimal strategy in the last subsection are, with appropriate modifi- 
cations, typical under the annealed path measure Qt- Moreover, the scaling limit of 
the path is also identified. The first result is about the path localization (St3). 

Theorem 1. For any 6 > 0, 

(1.10) lim Qt ( sup |X,| < t''^^(logt)5+M = 1. 

t-i-oo \0<s<t J 

Remark 1. The logarithmic correction corresponds to the M — )■ oo operation 
in (1.8). The power 1/2 is natural in view of Theorem 5 below. 

The second result says that the random potential viewed from its local minimum 
looks like the quadratic function 

(1.11) pt{x)=C{d,a)t ~\x\^, 
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i.e. (St2) is typical. It also turns out that the barycenter 171^^ of the occupation time 
measure Lt = j L Sx^ds is close to a local minimizer of V^. 

Theorem 2. Letrritiuj) he the point where V^ attains the minimum in -6(0, t t^ logt). 
Then there exists eg > such that 



:i.i2) 



lim Qtisnpl \V^{x) - V^{mt{uj)) - pt{x - mt\ 



UJ 



Moreover, 

(1.13) 

for any e > 0. 



lim Qt 



\x — mAuj)] < t 4q logt ^ < t 



a-d+2 

mt{uj) — m^J < et 4a 



a-d+2 



-eo 



1. 



Remark 2. A statement similar to (1.12) is proved by Griininger and Konig [6] for 
the parabolic Anderson model on Z'^ with so-called "almost bounded potentials". 
They call this phenomenon "potential confinement". 

From Theorems 1 and 2, we can deduce scaling limits of the path, occupation 
time measure, and local minimum of the potential. We introoduce the scale function 
r(t) = t 4a and define the scaled process by Xs = ''"(^)~^-'^r(t)2s- (The dependence 
of X on t is omitted but this does not seem to cause any confusion.) Let us begin 
with the result for the occupation time measure Lt = ^^f\-2 Jq^ '^x^^s, which 

implies that (St4) is typical. Let fnt{u) = r{t)~^mt{u) and Um denote the measure 
with density 



(1.14) (f)i{x-mf = 

Theorem 3. For any f E C, 



;i.i5) 



hm Qt 




exp|-V2CK 



a)\x 



m\ 



'fht (a;) 



< e 



1. 



Next we state results on the local minimum of K;. It turns out that there is 
a gap between the expected value of Vi^{mt{uj)) and the right hand side of (Stl). 
Moreover, the fluctuation of Vuj{mt{uj)) is even larger than the gap when a <2. 



Theorem 4. The following hold: 



d--i 



(i) Qt[V^{mt{uj)] = aAt 



C(d,a) 
8 



oiV 



a-d+2 
t 2q , 



(ii) t 2a [Vuj{mt{u) — Qt[Vu;{mt{uj)]} converges in law to the Gaussian random 
variable with variance aadT{^^^^^^). 
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We finally state the result on the scaling limit of the path. We write R^ for 
the law of the Ornstein-Uhlenbeck process starting at the origin with generator 
—A/2 + ^J2C{d,a){x — m, V). We call m the center. 

Theorem 5. The process {Xs}s>q under Qt converges as t ^ oo in law to the 
Ornstein-Uhlenbeck processes with random centers 



^C{d,a)\' j ICid,a 



1.16) I dm \ — — -=7^ — I exp<(— y — ^ — \m\ ^ i?i 



^-0 



Remark 3. It becomes clear in the proof that the random center m corresponds to 
fhtioj) = r(t)^^mt{u). Hence roughly speaking, this theorem means that {Xs}s>o 
behaves like the Ornstein-Uhlenbeck process centered at mt{u). 

1.4. Organization of the paper. We briefiy comment on the outline of the proof 
and the organization of the paper. The main difficulty lies in the proof of Theorem 1 
and 2. They are closely related in the sense that the path localization implies 
the potential confinement and vice versa. But of course we need another input to 
leave the circular argument. The key idea is that we actually need only a weaker 
result than Theorem 1 to deduce the potential confinement. We prove such a weak 
localization in Section 2 by using crude estimates. Then in Section 3, we show 
that it indeed implies a potential confinement (Proposition 4), which is a slight 
modification of Theorem 2. Given the potential confinement, Theorem 1 follows by 
repeating a part of argument in Section 2 and it is done in Section 4. In the end of 
Section 4, we show (1.13) of Theorem 2 by combining Theorem 1 and Proposition 4 
and it completes the proof of Theorem 2. Sections 5, 6, and 7 are devoted to prove 
Theorems 3, 4, and 5, respectively. 

1.5. Notation. For functions f,g : [0, oo) — )> M, we say /(t) = 0{exp {g(t)}) if 
there exists c > such that f(t) = 0(exp {cg{t)}) as t — )■ oo. 

2. Weak localization 
In this section, we prove the following weaker version of Theorem 1. 
Proposition 1. There exists Mi > such that 

(2.1) lim Qt I sup |X,| < M^t""^^ ) = 1. 
We use the notation 

/„ „\ ^ d a—d 

(2.2) ht = ai-t-—, 

a 

which is expected to be the typical height of the bottom of V^ under Qt as explained 
in the introduction. We first show that mino<s<i V[j{Xs) can not be too far from ht. 
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Lemma 1. For any M ^M. and sufficiently large t, 

(, , 3c«-3d+2 
mill V^{x) -ht< Mt is" 

( a ~ d d , ^ a+3d~2 , , ^, a+d-2 

< exp <^ -fli 1^ + Mt^^^ - M t^^ 

1^ a 

Proof. The event in the left-hand side concerns infinitely many points but we can 
reduce it to finite points since K; is smooth where it is small. Indeed, if V^^{x) < 1, 
then obviously 



(2.4) V^{x) = J] k - c^r" A 1 = J] 



X — uA 



and in particular miuj |a; — Wi| > 1. Since there exists cq > such that |V|x| °| < 
Co I a; I ~" for \x\ > 1, it follows that 

(2.5) \VVUx)\ < J2 I Vk - w.n < 5^ Calx - a;,|-" = CqVM < Co 

i i 

when Vi^{x) < 1. Therefore one can find A^ > such that 

(, , 3a-3d+2 

min V^{x) - ht < Mt ^^^ 
xe{-t,tY 

(2-6) <f>( min VJx) - ht < {M + t-^)t-'-''^^\ 

\x€{-t,t)'int-NZ'i J 

< (2t + 1)'^^P (\4(0) -ht<iM + t-i)t-'^^^i^) . 

To bound the probability in the last line, we use the asymptotics of the moment 
generating function 

(2.7) E[exp{-sK;(0)}] = exp |-ais- + 0(e"*)| as s ^ oo, 

which is proved in Lemma 1 of [5]. Taking s = t(l + t 4^) in (2.7) and using 
Chebyshev's inequality, one can see by a straightforward calculation that 



P (VM -ht<{M + t-^)t J^ j 



(2-°J r a-d d 



< exp <^ -fli 1- + Mt~^^ - ( M + e)t^^ 

(^ q; 

for some small e > 0. D 

Lemma 2. 

„ / , ^ , 3Q-3d+2 . , \ / r Q+d-2 ^ 

(2.9) Qt ( min K.(X,) -K^ t ^^ [-2o2,2a2] j = O (^exp |-t^^| 
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Proof. We shall only give the proof of 



(2.10) Qt ( mill V^{Xs) -ht> 2a2t-'''^ 

\0<s<t 



/y-\ I I a-\-d — 2 

O exp < — t 2a 



(2.12) 



E® K 



The other half can be shown by a similar argument. (See also Lemma 5 where a 
stronger statement is proved.) Note first that 

(2.11) Po (X[o,t] ^ {-t,tf) = O (exp{-t}) 

by a simple application of the reflection principle and that 

exp I- V^{Xs)ds I : min K;(X,) > 2ait-'^ 

< exp < — 2aitQ [ . 
From these bound and (1.4), it follows that 

Qt ({X[o,t] ^ i-t,tf} U ( min VUXs) > 2a^r'^] 

= 0(exp{-t^^^}). 
Next, for each A; G N, let us introduce two events 

(2.14) Ek = \ min VL(X,) - ht - 2021-'^""^^ G r'[k, k + 1 



:2.13) 



0<s<t 



(2.15) 



min V^{x) - ht < 2a2t *" + t (/c + 1 



Then, it follows by the fact E^ fl {^[o,t] C {—t,tY} C -F^ and Lemma 1 that 



E® K 



exp l-j V^{Xs)ds\ : ^^ n {X[o,t] C (-t,t)'^} 



(2.16) 



1 d d Q+3d-2 , , „ . „ 

< exp { -ai-t" - 2a2t~^^ - k J> P(Ffej 



d^ a + d-2 

< exp < —ait" — 2a2t ^a + i 



0<s<i 



3a — Bd-\-2 a. — c 

2a2t 4a ^ 2ait 



Dividing both sides by Zt and summing over k G [0, 2ait'^^" + 1] fl Z, we find 

g* f{X[o,i] C (-t,t)'^} n I min VUXs) - K E 
(2.17) V """"' 

= O (exp I -t^^ I 
and the proof is complete. 



D 
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Let US define a low level set of V^ by 

(2.18) £i,^ = |x G M'^ : V^x) <ht + 2a2r^^^^ 

Tlien Lemma 2 above sliows tliat (5t(X[o,t] H Ct,uj 7^ 0) ~^ 1- In wliat follows, we 
are going to show that if a; G Ct,ui, then V^ is bounded below by a certain quadratic 
function in an annulus around x. This has two consequences which lead us to the 
weak localization bound: 

(i) each connected component of Ct,ui is not too large, 

(ii) once the Brownian motion hits a connected component of Ct^u, it is difficult 
to escape from a neighborhood of it. 
Let us start by evaluating the Laplace transform of V^{x) + K;(y)- We do it as a 
special case of a more general asymptotic formula for the Lapalce functional which 
we shall make repeated use in the sequel. We write m^ for the barycenter J xfi{dx) 
for a probability measure /i on W^. 

Proposition 2. Let e G (0, l/«). For any probability measure fi supported inside 

(2.19) 

E[exp{— t(/i, V^)}] = exp < —ait~ — {C{d, a) + o{l))t~^ \^ ~ 'm'^\'^fi{dz) 



as t —7> oo. In particular, 

(2.20) E exp(-^{V^{x) + VM)\ < exp \^-a,t^ - cit^ \x - y\^ 

for C\ = C{d, a)/5 and x,y eM.'^ with \x — y\ < t^/"~^ when t is sufficiently large. 

Proof. We may assume m^ = by translation inveriance of Poisson point process. 
By a well-known formula for Laplace functional of Poisson point process, 

-logE[exp{-t(^,K.)}] 
(2 21) = /"(l-e-*/^(^-^)'^('^^))di/ 

= /"(!- e-*^(-^)) dy+ f (e-*^(-^) - e-*/«(^-^)^('i^)) dy. 

This first term is easily shown to be aif^'^ + 0(e~*), see Lemma 1 of [5]. We pick a 
positive constant 

e 



(2.22) < 5 < 

a + 2 

and divide the second term into the integrals over {|y| < t^/"^^} and {|y| > t^/"^''}. 
For the first region, we know 

(2.23) min | tv{-y),t / v{z - y)i^{dz) \ > t"' 
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by the assumption on /i and hence the contribution form this part is neghgible. For 
the second region, we may replace v by v{-) = | ■ |~" and by a change of variable, it 
follows that 

/ f Q~^^i-y) _ g-t/*{z-S/)M{da:)A ^ 

(2.24) '^'-* 

= ti (.-Ivr" fl _ ^-f\v-t--kz\-"-\r,\-",i{dz)\ ^^ 

J\r,\>t-^ ^ ' 

By Taylor's theorem, we can find a bounded function R2 and R^ such that 

\r]-t-^z\''' -\7]\-'^ 

(2.25) =ri(z,Vt;(r7))+i?2(^,r7)r^knr7|-°-2 

= r i (z, Vv{r])) + -r ^ {z, Hess^(r7)2;) + R^{z, r])t-^z\'^\7]\-'^-'^ 

for \ri\ > t^^ and \z\ < t^/"^*^. Using this second line and recalling that m^ = 0, we 
get 



(2.26) 



Ir^-r^^r^-lr/I^Xd^) 



< ||i?2||ooO(t-^^+^^"+^^) 



when \ri\ > t ^ . This right-hand side is o(l) thanks to our choise of 5 and thus we 
can use the inequality |1 — e"" — a\ < a^ which holds for small a to obtain 



g-|,7|-" |'-|_ _ ^- J \r,-t-- z\-'--\r,\-°' ii{dz) 
\ri\>t-^ 



1 / \„\-a 2 

2 



(2.27) 



e '^'' "t « I {z,}iesSv{ri)z)fi{dz)dri 

\ri\>t-^ 



+ / e-l^l^^ri /i?3(^,r7)k|='/i(dz)|77|-°-Mr7 

+ 0( /" ^e-^^^-" ft-^ f R2{z,r])\z\^fi{dz)] l^r^^'M^^ j . 

A computation shows that the first term in the right-hand side of (2.27) equals 

-t~~ (z, }iessy{ri)e'^'' drjz ) fx{dz) 

(2.28) ^ ^ "^l^'l^*"' / 

= (C(rf,a) + o(l))r- l\z\^fi{dz). 



The other terms in (2.27) turn out to be smaller order than this: indeed by the 
assumption on fj,, 

(i) the second term is bounded by t""^/"^ j \z\'^iJi{dz) multiplied by 



oft « I sup{|2;| : z E suppyu} = o(l). 



(2.29) *^ 



10 RYOKI FUKUSHIMA 

(ii) t^^'" J \z\'^fx{dz) itself is of o(l) and the third term has smaller order as its 
square. 

D 

From the above lemma, we can deduce controls on Vi^{x) + Vi^{y) for all x, y within 
an intermediate distance. 

Lemma 3. For any e G (0, l/a), there exists R > such that 
lim Qt(v^ix) + V^{y) > 2ht + cit'^^^lx - y\'^ 

t— >oo \ 

for all x,y e (-2t, 2t)'^ with Rt^^'»^~ < \x - y\ < t 
Proof. We prove that for sufficiently large R > 0, 

(2.30) Qt (vUx) + VM < '^ht + cir^^^lx - yf) = O (exp {-t^^^^} 

uniformly in x,|/ G M'^ with Rt «« < |a; — 1/| < t^/""*^. One can deduce (2.29) from 
this by dividing (— 2t, 2tY into small cubes and using the union bound, just as in 
the proof of Lemma 1. 

To prove (2.30), we may restrict our consideration on 

(2.31) E = <^ min V^{Xs) - ht > -2a2t ^^^ 

I 0<s<t 

by Lemma 2. Then denoting the event in (2.30) by F^^y, we have 

expj- y V^{X,)ds\ : E n F^^y 
< exp <^ -ai-t- + 2a2t^^^ ^ ^{Fx,y)- 
Now a simple large deviation bound with the help of (2.20) shows 

(2.33) P(F,,,) < exp I -a,^—t^ - -^RH^^ | 

uniformly in x,y G W^ with Rt »a < \x — y\ < t^'^^'^. Therefore by taking 
sufficiently large i?, we obtain 

(2.34) Qt{E n F^,y) = O (exp |-t^^"l^"}) . 

Since "'^^^'^ > "+'^~^ for a < rf + 2, this completes the proof. D 



(2.32) 
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Let Afi{x) denote the annulus B (a;, 2Rt s^ ) \ B[x,Rt sc j around a; G M'^. 
The above lemma imphes that 

hm qAYoi any x G £f ^^ fl {-t,tY, 

(2.35) i^oo V 

K; > /ii + Cii?^t 4" on A^(a;) j = 1. 

As a consequence, if Ci-R^ > 1 then every connected component of Ct^u) H {—t,tY is 

contained in a ball with radius Rt sq with high probability. Therefore Proposi- 
tion 1 reduces to the following. 

Proposition 3. There exists R > such that 

(2.36) lim Qt ( sup dist(X„£i,^) < 2Rt''^^] = 1. 



t— >oo 



0<s« 



Proof. We use two lemmas whose proofs are given later. The first one is a lower 
bound for Zt in terms of a random eigenvalue, which is not explicit but much more 
precise than (1.4). 

Lemma 4. There exists C2 > such that 

(2.37) Zt > C2t-^''E [exp {-tAr((-t,t)'^)}] . 
The second one is an upper bound for the eigenvalue. 

Lemma 5. For any e > 0, 

(2.38) lim Qt (\Ui-t, tf) <ht + et-"^^^) = 1. 

Let G be the intersection of {-Y[o,i] C (— t, t)'^}, {^[o,t] H Ct,uj 7^ 0}, and the events 
in (2.35) and in Lemma 5. As we have proved limf^oo Qt{G) = 1 above, we restrict 
ourselves on G. Though we drop flG from the notation for simplicity, it is assumed 
throughout the proof. Now, let us introduce stopping times 

(2.39) Ho = mflse [0,t] : dist(X„£i,^) > 2i?t^^| , 

(2.40) H, = mi{se[0,t]:XseCt,^}. 

We first consider the case Hq > Hi. In this case, we further introduce random times 
defined by 

(2.41) H2 = inf |s G [Hi,t] : X, ^ 5(Xh„ 2i?t^'^^)} , 

(2.42) H, = sup |s G [Hi, H^] : X, G B{XH,,Rt''^^)] , 

which satisfy Hi < H^ < H2 < Hq < t. Let us define E^ = {H^ G [/c, /c + 1)}, S = 
{H2 - H3 > t^^^2^,H2 < t} (slow crossing), and F = {H2 - H3 < t^^^2^, H2 < t} 
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(fast crossing). Note that for s G [H3,H2], we have Xs G Aji{Xh-^) and hence 



3ci-3ti+2 



(2.43) 



V^Xs) >ht + ciRH ^ 



3Q-3rf+2 
4a 



>A-((-t,t)^)+t- 
for sufficiently large i? > 0. We use the strong Markov property at H2 to see 



< E 



exp!^- f V^{Xs)ds\:SnEk 



(2.44) 



-En 



exp 



k+l 



V^{X,)ds 



exp |-(iJ2 - A; - 1) (Ar((-t, t)'^) + t"^^^^^) } IsnE, 



^Xh. 



Now from a uniform bound 



exp 



t-H2 



VUXs)ds\:X[o,t-H,]Ci-t,ty 



(2.45) 



sup Ex 



x& 



exp |- /" K;(X,)ds| : X[o,,] C (-t,t) 



<c{d){l + {s\r{{-t,tf)r/')exp{-s\-i{-t,tf)} 



on Feynman-Kac semigroup (see Theorem 3.1.2 in [10]) and the fact H2 — k — 1 > 



t 2a — 1 on S* n -Efc, it follows that 



E® K 



(2.46) 



exp{-/„V^(X,)ds}:5n^, 



E[exp{-tAr((-t,t)'^)}] 



C^expl-t^^^^l 



As for the fast crossing, we proceed as in (2.44) and use the Markov property at 
time k to get 



E®Eo 
< E 



(2.47) 



expj- /" K;(X,)ds| :FnEk 

exp |- y V^{X,)ds\ exp {-{H2 -k- l)Ar((-t, 1)")] 1e, 

/ r , , a+d-2 ^ a-d+ 

Px, (sup I |X, - Xol : < s < t^^ I > Rt^i^ 



E 



Xho 



exp 



t-H2 



V^{Xs)ds} :X[o,i_/,2]C {-t,t) 
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Since we have 
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:2.48) 



/ f , , a + d-2 1 a-d+6 

Px^ (sup {1X3 - Xol : < s < t^^ I > Rt^^ 

/ ( , , a + d-2 ^ Q-d+6 

= Po sup <^ |Xs| : < s < t^^ ^ > Rt^^ 



it follows that 
(2.49) 



o u^^ i-t^^^Y) , 



expi-/Jv:,(X,)d4:FnE, 



E[exp{-tA^((-t,t)'^)}] 



o U^^i-t^^^\\ 



just as before. Suinining (2.46) and (2.48) over k E [0,t] fl Z and using Lemma 4, 
we obtain 



(2.50) lim Qt I sup |X,| > 2Rt^^^ I = 0. 

In the other case Hq < Hi, we introduce random times defined by 



(2.51) H2 = sup\s e [0, t] : sup dist(X„ A,^) > 2Rt 

0<s<t 



a-d+6 



(2.52) 



a-d+6 



Hs = mUse [H2, t] : dist(X„ A,,,) < i?t^^ 



which satisfy Hq < H2 < H^ < Hi < t. By using H2 and ifa instead of H2 and iJs 
respectively, one can show that 



(2.53) 



lim Qt sup |Xs| > 2Rt' 

t-fOO \ gg[0,_f/l] 



0. 



by the same argument as above. 

Proof of Lemma 4- We start by introducing the notation 

(2.54) r-/(a;) = E, 



D 



/(X,)exp |- /" V^{Xs)ds\ : X^,*] C 



-t,ty 



Since we know from (2.11) that 

(2.55) Zt = E[T,^m] + o{Zt), 

we consider the first term on the right-hand side. 
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Using translation invariance with respect to P, we find 



(2.56) 



' E 

E 



> 



> 



{2tY 

1 
(2tF 

1 

1 



exp 



{-t.ty 



V^{Xs)ds 



exp - / V^{X,)ds 



E^ 



T';'l{x)Ax : X^{{-t,tY) < 1 



dx 



E[{T^l,l):Xt{{-t,tf)<l\ 



tE 



,l)2exp{-tA^((-t,t)^)} : Xt{{-t,tY) < 1] 



w 1 \2 
1 



where (pf is the L^-normahzed non-negative eigenfunction associated with A'J^((— t, tY)- 
Since ||T];^||i^oo < (27r)^2, we have 

(2.57) < exp{-Ar((-t,t)'^)}0r(^) =Tr0rW < (27r)-f(0r,l) 

for any ^ G {-t,tY- Therefore on {A^((-t, t)'^) < 1}, 



\d-2in-i-\-d 



(2.58) (0^, 1)' > (27r) V sup 0^(z)' > (27r) V(2t)- 

where we have used supp^'J;' C {—t,tY together with 110^112 = 1 in the second 
inequahty. Coming back to (2.56), we obtain 



(2.59) 



Zt> 



{2nYe-^ 



2d 



E 



exp{-tA^((-t,t)^)}:A^((-t,t)'^)<l 



for t > 1. We can drop {\i{{—t,tY) < 1} from the right-hand side since 



(2.60) 



E 



exp {-t\^^{{-t,tY)} ■■ Xi{i-t,t)') > 1 <e-' = o{Zt). 



D 



Proof of Lemma 5. The argument is similar to that for Lemma 2. We may restrict 
ourselves on {Xp^t] C (— t, t)'^} thanks to (2.11). Then by (2.45), it follows that 



E ® Eo exp <^ - / V^{Xs)ds \ : X[o,t] C (-t, t)^ A^((-t, tY) > 'ia^r'^ 
^2-61) < exp {-2a,t-^ ] c{d) sup(l + \'"^)e--^ 

^ J A>0 

= oiZA. 



BROWNIAN MOTION IN A HEAVY TAILED POISSONIAN POTENTIAL 
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E^E, 



exp 



V^{Xs)ds\:X[o,t] C(-t,t) 



d 



Xtii-t, tY) -ht- er'''^^ G t~'[k - 1, A;) 

„ „ / r a+d-2 ^ 



(2.62) 



uniformly in /c G N fl [0,3ait'^/" + 1]. Using (2.45) again, we can bound the above 
left-hand side by 

E 



(2.63) 



A-((-t, tf) -ht- tr'^^i^ G t-^ [k - 1, k) 

J ( , a + 3d-2 , 1 

< r exp j -t/ii - et~J^^ - A; + U 

P (Ar((-t, t)'^) < /^, + rf-^"^i^ + t-^A:) 

for sufficiently large t. To estimate the last probability, we use an inequality 

(2.64) P (A^((-t,t)^) < A) < (2t)'^iV(A), 

where A^(A) is the integrated density of states of —1/2 A + V^ (see, e.g. [2], Chapter 
VI for the definition of integrated density of states and also the above inequality). 
The asymptotics of A^(A) has been determined up to the second term in Theorem 3 

of [5]: 

(2.65) N{\) = exp |-/iA"^ - (k + o(l))A"^S^ 
as A i 0, where 



(2.66) 



d a+d-2 

a \a I \ a 



3a-3d+2 



Substituting ht + et 4^ +t ^k into A, one can find a constant C3 > satisfying 
P (Ar((-t, t)") <ht + er'-^^^ + t-^A;] 



(2.67) 



a — d d 



a + :id-2 



< exp < — ai 1« + et 4° + A; — (02 + c^t )t 



OL+d-2 



a 



for all A; G N n [0, Sait^^" + 1] by a straightforward calculation. (It suffices to take 
C3 so small that 



(2.68) 



[l + x) ^^ > 1- 



a — d 



X + CsX^ 
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for all X G [0,4Q;/(i].) From this and (2.63), the desired bound (2.62) follows. Sum- 
ming over k, we obtain 



(2.69) 



and we are done. 



Eo exp j-y \4(X,)ds| : X[o,t] C (-t,t)^ 
= ZiO(exp|-t-^j) 



D 



As a corollary to the weak localization, we obtain an upper bound on the variance 
of Lf. In contrast to the Proposition 1, the bound is of correct order and this will 
be crucial in the next section. 

Corollary 1. For any Ms > ^^, 

(2.70) lim Qt( I \x- mL^Ltidx) < Mat""^^ J = 1. 

Proof. In view of Proposition 1, we only need to show 



(2.71) 



limQt 

t— >oo 



\x — mLt\'^Lt{dx) > 



2a,2 a-d+2 

t 2a 



C{d,a] 



suppLt C 5(0, Mit^*^^ 



0. 



But it follows from Proposition 2 that if Lt lies in the above event. 



E 



exp 



K;(X,)ds 



(2.72) 



= E[exp{-t(Li,K.)}] 

= exp < —ait" — (C((i, a) + o(l))t~^ / 1^ ^ "^^Lt^^tidx^ > 

r d / / X X "+d-2 ^ 

< exp <^ -oit- - (2a2 + o(l))t^^^ ^ 
= o(Z,). 

3. Potential confinement 



D 



We prove the following version of Theorem 2 in this section by using the weak 
localization result. It will be used in next section to complete the proof of Theorem 1. 
The proof of Theorem 2 will be completed at the end of next section with the help 
of Theorem 1. 



BROWNIAN MOTION IN A HEAVY TAILED POISSONIAN POTENTIAL 
Proposition 4. There exists an e > such that 

lim Qt(snp\\V^{x) -V^{mL^) - pt{x - 'mL^)\ : 

a-d+2 '\ a-d+2 \ 

\x-'mLt\<2t 4« logt^<t 2« M = 1. 
We define the weighted measure by 
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(3.1 



(mt 



-t{fiy^) 



dP E[e-*<'^'^")] 

for each probability measure /x on W^. Under P^, cu is a Poisson point process 
with intensity e~*J ^(^-y)/^(da;)^^_ -^g take M2 as in Corollary 1 and define a class of 
probability measures on W^ by 



(3.2) V^\= l^: supp /x C 5(0, Mit 



a-d+6 , 



\x — m^p/x(dx) < M2t^ 



a-d+2 



where "wl" stands for "weakly localized" . 

Proposition 5. There exists an e > such that uniformly in n & V^i, 



(3.3) 



t— i-CXD 



limPnsup<^ \V^ix) -V^{m^) - pt{x - m^)\ : 



a-d+2 1 a-d+2 

\x — m^\<2t 4a logtl><t 2° 



Let us first see that this immediately implies Proposition 4. Indeed, denoting the 
event in Proposition 5 by PCt{fi), we obtain 



(3.4) 



QtiPCtiLt)) > Qt (PCt(Lt), Lt e P„i 



E[e'*<^"^->]P,^*(PCi(Li)):i:iGP„i 



Qt (Lt G Pwi) ^ 1 



as t — 7- 00 by Proposition 1 and Corollary 1. 

To prove Proposition 5, we first compute the expectation of K;(a;) — V^{m^) and 
then bound the variance. 



a-d+2 



Lemma 6. There exists an e > such that uniformly in x G -8(0, 2t ia logt) and 



(3.5) 

as t —)■ 00. 



EnK;(x) - \4(m^)] = pt{x -m^) + o (^t^^^^"^) 
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Proof. By a well known formula for Poisson point process, 

E^[V^{x)-VUm^)] 

We assume m^ = by translation. Pick 5 > so small that 

,^^, a-d + Q 1 ^ ,^, ^, d + 2-a 

(3.7) < 6 and 6(a + 2) < . 

So; a 2a 

Then uniformly in /i G V^\, 

{v{x -y)- v{-y))e-'^'^^'-y^^'^'^'^dy 

<exp|-tinf ||2-|/|~" : \z\ < Mit^^^ ,\y\ <t^'^\ +0(logt)| 
= 0(exp{-r^}) 

and hence this part is negligible. On the other hand, if \y\ > t^^"~^, we can replace 
V in the integrand by f (■) = | ■ |~" and hence 



(3. 



\y\<t- 



(3.9) 



y\>t-- 



{v{x - y) - v{-y))t 

1 _x 



-t f v{z-y)fi{dz) 



dy 



a — d 



{\ri — t «a;| 



|r7|^")e~-^'^'^* "^' "^^'^^''dri. 



\v\>t- 



Let us write Dt{r),x) = \ri — t ax\ " — |^| " for short and further decompose the 
integral in the last line as 

(3.10) r"^ [ Dtir],x)e-\'^\~" +Dtir],x) ('e-/^'('''^Hd-) - l) e^l^l^^dr^. 

Let us first see that the first term of (3.10) gives us the desired quantity. We use the 
following expansions of Dt{ri, ■), which immediately follow from Taylor's theorem. 

Lemma 7. For \z\ < Mit »" and \ri\ > t^^ , there exist hounded functions Ri, R2, 
and R3 such that 

(3.11) Dt{r],z) = R^{z,r])t-^\zM-^-' 

(3.12) = t-^{z,Vv{r])) + R2{z,r])t-^\z\^\r]\-''-^ 

(3.13) 

Using (3.13), one can deduce 

t'^ Dt{r],x)exp{-\r]\'°'}dri 

a-d+2 „, N , ,o „ / a-d+2 

= t —C{d, a)\x\^ + O it — ^^' 



(3.14) 



t-^{z, Vv{r])) + -t~^ {z, }less,{r])z) + R^{z, r])t-^z\'^\r]\-''-\ 
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for some e > by a straightforward calculation. (Note that J Vv{r])e^^^^ "di] = 
by symmetry.) 

Now let us turn to the estimate of the second term of (3.10). As a consequence 
of (3.12), we have 



(3.15) 



Dt{r],z)fi{dz] 



l-a-2.-- 



O M"+2)-^ 



|2;p/i(da;) 



uniformly in \r]\ > t^ and /i G V„i, where we have used m^ = 0. Thanks to our 
choice of 6, the last line goes to as t — ?> oo. Therefore we may use an inequality 
|e~° — 1| < 2|a| valid for small a in the second term of (3.10) to obtain 



r 



(3.16) 



< 2r 



ri\>t-'' 

a — d 



Dt{ri,x) 



,- J Dt{v,z)f^{dz) 



\Dtiv,x)\ 



v\>t- 



Dt{r],z)n{dz 



1 ) e-l^l^^dry 



Applying (3.11) and (3.12) to Dt{i],x) and Dt{ri,z) respectively and then using the 
variance bound for /x, one can easily conclude that the above right-hand side is of 
order 0{t as •=) for some e > 0. D 

Proof of Proposition 5. Throughout the proof we assume /x G Pwi and all the es- 
timates below are supposed to be uniform in yU. We further assume m^ = for 
simplicity. That this causes no loss of generality will become clear in the argument 
below. In view of Lemma 6, it suffices to estimate the maximum of 



|K.(a:)-K.(0)-EnK.(:r)-VL 



(3.17) 



{v{x -y)- v{-y)) L{dy) - e-'^^^'-y^^^'^''^dy\ 



a-d+2 ^ 



among |x| < r(t)logt (recall r(t) = t 4a ). Fix 5 > as in (3.7). We ffist show 
that the region {\y\ < t^/"""^} makes only negligible contribution. Let us introduce 
the notation 



(3.18) 
Observe that 



(3.19) 



co^idy) = co{dy) - e-/«(^-J')^(d^)d|/. 
{v{x ~y)- v{-y))Q^{dy) 



y\<ta 

< 



\v{x -y)~ v{-y)\ (uj{dy) + e~' ^ ^^''-^^^^'^''^ dy) 



< 



\y\<t' 



, oo^{dy) + 2 



-t fv{z~y)fi{dz) 



dy 



\y\<t' 
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since < -0 < 1. The first term has zero E^-mean and its variance, which equals the 
half of second term, is seen to be of (9(exp{— t"^}) by the same argument as in the 
proof of Lemma 6. Therefore, Chebyshev's inequality yields 



(3.20) 



lim Pf I sup 



\y\<t-^ 



, {v{x -y)- v{-y))u^{dy) 



<r 



a-d+2 



for any e > 0. 

On the remaining part {|l/| > t^^"^*^}, we may replace -0 by w( 
follows by Lemma 7 that 



1 



". Then it 



\y\>t 
< 



(3.21) 



^_ {v{x -y)- D(-t/))cjf (dy) 
(x, Vv{y)uj^{dy)) 

^ Hess^(y)a;j''(dy)a; 



+ 



+ \^\ 



\y\>t~^ 



I ^ R^{xy^y)\y\-'^~M{dy) 



'\y\>t 

Il(x)+l2(x)+h(x). 



Let us start with 13(3;). As we did for {\y\ < t^^" ^}, we can bound the integral as 



sup 

|a;|<r(t)logt 



y>t' 



^ Rs{x,t-^y)\yr~'coi'{dy) 



(3.22) 



< / , \\Rs\Uyr-'^!^idy) 

J\y\>ta-^ 



+ 2/ ^ \\R?.\\oo\y\ 



-a-Z - J\z~y\ °'^^.{dz) 



dy. 



y\>ta- 



a-d+3 , 



The second term on the right-hand side can be seen to be of 0(t « ), by using 
the change of variable y = t^^^r] and then (3.15) to replace J \i] — t^^^"'z\~°'ji{dz) 

II I iQ a — d-\-3 ^^ I ct — d+2 \ | | / \ i p 

by \r]\~ . Smce \x\t ^ = O \t 2^ '^1 uniformly m \x\ < r(t)logt tor some 
e > 0, the second term is negligible. By the same way, we can show that 



Varf 



(3.23) 



iRsWoolyr-'co^idy) 



y\>t- 



\R3\\Uy\~""''e'-f\''y\'"^^'''^dy 



\y\>t-^ 



is of order O {t 
(3.24) 
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Therefore by using Chebyshev's inequality, we obtain 



sup |a;| 

\x\<r{t)\ogt 



ii?3iiooit/r"~V(dy) 



\y\>t^- 



a-d+2 
> t 2S— " 



< Pf 



0[t 



\R. 



3||oo|y| 



-a-3-M 



^r(dy) 



|j/|>tc«- 
3d+2-a 



5(ct-d+2) e 
> t 4a 2 



which goes to as t — )■ oo for sufficiently small e. 
As for Ji and /2, we use variance bounds 



(3.25) Varr( / ^ Vv{y)u'l{dy) 

'\y\>ta 



o t 



2a-d+2 



(3.26) Varrf/ ^ RessM^i'idy)] = O (t-"^ 



'\y 

which follow by routine aruguments. Given these bounds, one can easily conclude 
that 



(3.27) 



lim Pf I sup {Ii{x) + hix)) < r^^- 

*^°^ \ |x|<r(t)logt 



D 



(3.28) 



for some e > 0. 

Remark 4. Inspecting the above proof, one can easily improve the bound as 

lim Qifsupi IK; (a;) - 14 (m^ J - E^[K;(a;) - V^{mLt)]\ : 

a-d+2 , ^ r,\ 

\x -mL,\ < 2t~is- logt I < rP] = 1 
for any (3 < minj^^^^i^, ^-^^}- This will be used in Section 6. 

4. Strong localization 

In this section, we accomplish the proof of Theorem 1. Loosely speaking, we do 
this by simply repeating the argument for Proposition 1 but in the correct scale. 
Recall that we used an annulus Ar which was much larger than the correct scale 
r(t) = t ia in the proof of Proposition 1. It was because we had control of V^j 
only at points in the intermediate distance from Ct^cu (see Lemma 3). Now that 
Proposition 4 is available, we have the control of K near ttil^ and can work in the 
correct scale. 

Proof of Theorem 1. Set G = {Lf G "Pwi} H PC(L(). As we have already shown 
\imt^ooQt{G) = 1, we restrict ourselves on G. Though we drop flG from the 
notation for simplicity, it is assumed throughout the proof. 
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We first fix g G Z'^ and assume rriLt E q+[0,iy. Let us set i? = ^/2M^ and define 



(4.1) 



Hi{q) = inf |s > : |X, - q\ < Rt"^-^] . 



Clearly {Hi{q) < t} D {U G V^\] H {rriL, G g + [0, 1)^}. Note also that on PC(L; 
we have 



t), 



(4.2) 



a-d+2 



Kii-t, m < K.(^lJ + (a2 + o(l))t-^ 



by an application of Rayleigh-Ritz's variational formula together with a simple cut- 
off argument. 

Now, fix (5 G (0, 1/2) and define 



(4.3) 



a-d+2 



H2{q) = inf <^ s > : |X, - g| > t^^(logt) 



15+5 



We first consider the case Hi{q) < H2{q) < t. In this case, set 
(4.4) H^{q) = sup Is < H^ : |X, - q\ < it^^i^(logt) 

Then for s G [H^{q), H2{q)] and c < C{d, a) /A, 



h+s 



(4.5) 



V^{Xs) > V^iniLj + ct-^^^(logt)i+2^ 



d\ I '^^-- "~,'!+^ n„„^-^l+2^ 



>A-((-t,t)'^) + -t— i^(logt) 



by Proposition 4 and (4.2). Let us define E^i^q) = {H^i^q) G [k,k + l),H2{q) G 
[/, / + 1)} for integers 0<A;</<t — 1. Suppose first that I — k > t 2q (slow 
crossing). Then using the Markov property at time / and then (2.45) exactly the 
same way as in the proof of Proposition 1, we obtain 



E^Eo 
<E 



(4.6) 



exp < - / V^{Xs)ds V : Ek,iiq) 

(dY{i+itx-i{-t,tr))irexp{-{k+i)x-ii-t,tr)} 

exp {-(/ - A; - 1) {rAi-t,tr) + V^^^(logt)i+^^) 

exp{-(t-/)A-((-t,t)'^)} 
O (exp {-(logt)i+2^}) E [exp {-tAr((-t, t)'^)}] . 
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For the case l — k<t 2q (fast crossing), we again proceed as in the proof of (2.44) 
to see 

E 



(4.7) 



expj- /" K.(X,)ds| : E,/g) 

Po (sup I |X,| : < s < t^^ I > t^^(logt)2" 



<E 



< O (exp {-(logt)i+2^}) E [exp {-tAr((-t, t)'^)}] . 

Summing (4.6) and (4.7) over 0<A;</<t — 1 and using Lemma 4, we find that 

(4.8) Qt {H,{q) < H^iq) <t,mL,eq+ [0, 1)'^) = O (exp {- (log t) 1+^5 1) . 

The other case H2{q) < Hi{q) < t can also be treated in the same way as above by 
using 

(4.9) 



a-d+2 



^3(g)=sup sG [0,ifi(g)): |X, - g| > t^^(logt) 



,i+5 



1 a-d+2 



i+5 



(4.10) H2iq) = inf j s > H^{q) : |X, - g| < -t^^(logt) 

instead of H^{q) and H2{q) respectively. Consequently, we obtain 

(4.11) Q, {H2{q) <t,mL,eq+ [0, l)'^) = O (exp {-{\ogtf+^']) . 

Since the possible values of q is only polynomially many due to the weak local- 
ization result, we can sum over q to see 



(4.12) 



a-d+2 



lim Qt sup \Xs -rriLtl < 2t 4<. (logt) 



^i+5 



1. 



t— s-oo 



se[o,t] 



a-d+2 



Finally observe that on the event in the left-hand side, we have \mL^ | < 2t ia (log t) 
since Xq = 0. Therefore we arrive at the desired conclusion 



1+5 



(4.13) 



a-d+2 



lim Qt sup |X,| < 4t^^ (logt) 2 +5 = 1. 



i+5 



t— >-oo 



se[o,t] 
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By the strong localization result, it in particular follows that rriL^ is close to mt{uj), 
which completes the proof of Theorem 2. 

Proof of Theorem 2. Fix e > so small that Proposition 4 holds. Then, for suffi- 
ciently large t. 



(4.14) 



a-d+2 e a-d+2 

t 4Q 4 < I a; _ 772^ J < 2t 4a logt 
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implies K;(a;) > Vi^{mL^). Therefore, rriL^ is within t^ 4 from the minimizer 
of K; in B{mL^,2t 4a logt). On the other hand, Theorem 1 imphes rriL^ G 
5(0, t 4a logt) and thus the above minimizer is nothing but mt{uj). It is now 



easy to deduce Theorem 2 from Proposition 4. 



D 



5. Scaling limit of the occupation time measure 

We prove Theorem 3 in this section. Given Theorem 1 and 2, it is more or 
less straightforward. Indeed, what we do is, replacing V^^ by a quadratic function, 
using the Girsanov formula, and applying the large deviation principle for Ornstein- 
Uhlenbeck process. 

Proof of Theorem 3. Let us introduce the event 



(5.1) 



Gi = <! sup \Xu\ <r(t)(logt)4 
n<u<t 



By Theorem 1 and Proposition 4, we know that 

Qt (it G a] 

(5.2) 



qJl, GAG'inpc(Li) +0(1 



—E^Eo 



exp <; - / V^{Xs)ds [^ : L* G A, d n PC{Lt, 



and thus we may concentrate on Gi fl PC(Li). On this event, we have 

exp < - / V^{X,)ds [ lpc(Lt)nGi 
(5.3) <exp|-tK;(mLj + o(t'^ 



exp< —C{d, a) 



tr{t)- 



\Xs -mi J ds [>1gi. 



Let q G t^^Z'* and / G Cc 



We integrate the above over 



(5.4) 



F{q,f) 



\mi -giloo < (2t) \ 



fdLt 



fdUq 



> e 



oil) 



Note that if |g| > 2 logt, then F{q, f) fl Gi = 0. Hence we assume |g| < 2 logt in 
what follows. Since 



(5.5) 



trity 



IX, — mf I ds 



trity 



rx ( a.-\-d—2 

\Xs - q\ ds + t^^^ 
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E^Ea 



exp 



V^{Xs)ds\ ■.PC{Lt)nGinF{qJ) 



(5.6) 



d_ I ci+d-2 

< exp < —a\t^ + o 1 1 2q 



En 



exp< —C{d, a) 



tr(t)- 



X,-gpds :G'inF(g,/) 



By the scahng invariance of Brownian motion and the Girsanov formula, it follows 
that the right-hand side equals 



(5.7) exp < — ait" — (02 + o{l))t 
where 

(5.8) ipi^x) = exp 



a-\-d—2 I ^ 



i){-q) 



^(X, 



«»•(«)- 



g) 



:G'inF(g,/) 



C((i, a) . .^ 



Gi = { sup |Xs| < logt \ , 

se[0,tr(t)-21 



(5.9) 



(5.10) F(g, /) = ||mi^^^^^_, - g|U < {2t)-\ 



fdLtr{t)-2 - / /dz/, 



>e^ 



Recalling \q\ < 2 logt, we have 

ip{-q) 



(5.11) 



HX-, 



tr{t)- 



q) 



0(exp{(logt)2}) 



on Gi- It is well known that Lg under R^ satisfies the full large deviation principle 
with rate s in the space of probability measures equipped with weak topology and 
the rate function has unique zero at z/g, see e.g. [3]. Therefore, we arrive at 



— E®^o 



(5.12) 



expj- I K;(X,)ds| :PC(Li)nG'inF(g,/) 
fdLtr(t)-2 - / fdug 



a + d-2 

< exp io [t 2a 



< exp < S{e)t" 2« I 



i?o 



> e 



for some S{e) > 0. Summing over q G t ^Z fl 5(0, 2 logt) and replacing mi^ by 
mt{u}) using Theorem 2, we obtain (1.15). D 
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6. Fluctuation of the local minimum of the potential 

We prove Theorem 4 in this section. The argument is similar to that in Section 3 
but we need a better control on J |a; — mi \'^Lt{dx). We deduce it from Theorem 3. 

Proof of Theorem 4- We first prove 



(6.1) 



lim Qt 



> e 







\x - mi^ pLt(da;) - {8C{d, a))'^ 
for any e > 0. To this end, recall that Corollary 1 allows us to assume 
(6.2) \x- mifltidx) < Ms. 

Under this assumption, 



(6.3) 
implies 

(6.4) 



X — mi \'^Lt{dx) — / |a; — mi \'^Vra- (d^c) 



> e 



(|a; - mif A M) Lt{dx) - l [\x - mif A M) z/„^ (dx) 



e 
>2 



for sufficiently large M. Since J |a;pz/o(da;) = (8C((i, a)) 2, (6.1) follows from The- 
orem 3. Now let us define the class of probability measures on W^ by 



V, 



loc 



(6.5) 



a-d+2 

yU : supp/i C -8(0, t 4a logt). 



\x — m^\^li{(ix) — (SC{d,a)) 2 



a-d+2 
< tt 2« 



By Theorem 1 and (6.1), we know that limt_^oo Qti.Lt ^ "Pfoc) = for any e > 0. 

Now let us prove Theorem 4-(i). It suffices to show the assertion with mt{uj) 
replaced by rriLt ^^ view of (1.13) and Lemma 6. For fi G V^^c, the same argument 
as for Lemma 6 yields 

KKirn,)] 



(6.6) 



ai—t 
a 



v{mf,-y)e-'-f^^'-y^^^'^'^dy 
d _^:^ /tt — d + 2 



a 



C{d,a) + o{l) ]t 



a-d+2 



\x — m^p/i(da;) 



where o(l) is uniform in /x. Then it follows 



(6.7) 



^t 



d a-d a — d + 2 C(d,a) a-d+2 
a a 



+ tO (t- 



a-d+2 
2a 
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and letting e J, 0, we get Theorem 4-(i). 

Let us turn to Theorem 4-(ii). It suffices to consider the assertion with rritluj) 
replaced by rriL^ again. Indeed, as is mentioned in Remark 4, we have 

(6.8) lim Qt(Kimtiu)) - K,(miJ - £^^,^(0;)) - K;(mz.J]| < T 
t— ^00 \ 



for any 
(6.9) 



2a — d (3a — d + 2a — d + 6 

< p < mm 



2a 



Aa 



Aa 



Now it follows by a well-known formula for the characteristic functional for Poisson 
point process that for /x G Vi^^, 



(6.10) 



Using Taylor's theorem, replacing J v{z — y)fi{dz) by f(m^ — y), and changing 
variable, one can find that 

logE^ 



logE^ exp tet^^ (VUm,) - E'^iV^im^)]) 



M^^v{^,-y) _ 1 _ i0t^^v{m^ - y) ) ^-^ I ^i^-vM'^--) ^y , 



t 


exp {^^t"^' (\4(m^) - ¥.^,[V^{m,)])\ 


J-lt'-%'^-e''\y\-dy 


— 


9^ ^f3a-d+l\ 

—aadV . 

2 \ a 



(6.11) 



We leave the details to the reader. From this, Theorem4-(ii) follows by the same 
way as above. D 



7. Scaling limit of the process 

In this section, we prove Theorem 5. Given the strong localization and the po- 
tential confinement, we can basically follow the argument in [9]. We write Bt for 
B{mt{u),r{t)\ogt). 

Proof of Theorem 5. We define the good events by 



(7.1) G'i(s)=<j sup |X„|<r(t)(logt)t 

0<M<S 



(7.2) G2={ su^\V^{x)-V^{mt{u))-pt{x-mt{u))\<r—^ 

xeBt 



\mt{uj)\ < r(t)(logt) 
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Note that ^[o,t] C Bf on G'i(t) fl 6*2 . Due to Theorems 1 and 2, it suffices to show 
that for any T > and / a bounded continuous function on C([0,T],M'^), 

\imQt[f{X):Gi{t)nG2] 



t^rOO 



(7J) 



/a,„M-) exp -^^i™|H«n/mi. 



with an obvious abuse of notation. Let Xf{Bt) denote the i-th smallest eigenvalue of 
—A/2 + Vuj{x) — Vuj{mt{cj)) in Bt with the Dirichlet boundary condition and 0^^ the 
L^-normalized non-negative principal eigenf unction. Let us further denote by ip^^ 
the L^-normalized non-negative principal eigenfunctions of —A/2 + pt{x — rritiuj)) 
onM"^. 



a-d+2 



Lemma 8. (i) \i{Bt) = K;(mi(a;)) + (02 + 0{t^''°))t 2^ uniformly in i & 

{1,2} and 00 G G2- 
(ii) There exists C3 > suc/i that for any u E G2, 

(7.4) A-(5,)-Ai(i?,)>C3r^^^. 

(iii) sup^gGa 110a; - V^c^b ^ as t ^ cx). 

Proof. It may be assumed that mt(a;) = by a spatial shift. Let Af*(f/) denote the 
?-th smallest eigenvalue of — A/2-1- p^ (a;) in U with the Dirichlet boundary condition. 
Recall that when U = W^, the corresponding eigenfunctions are products of the Her- 
mite polynomials multiplied by the Gaussian density with variance ^r(t)/2C(rf, a). 
In particular, they are of (9(exp{ — (logt)^}) near dBt. Thus, by using the Rayleigh- 
Ritz variational formula and a standard cut-off argument, one can show that 

(7.5) Af (5,) = XTiR") + O (exp {-(logt)^}) . 
Since 

(7.6) \{Xr{B,) - V^m^ico))) - Af (i?,)| < t'^^-^^ 
on G2, the ffist assertion follows. Moreover, we know 

A^*(R'^) - Af (M'^) = r{t)-^XP'{W^) - r(t)-2Af (R'^) 

(7.7) .-.+2 

for some C3 > by a scaling and the fact that —A/2 + G{d,a)\x\'^ has positive 
spectral gap. From (7.5)-(7.7), the second assertion follows. 

Next, we introduce the Dirichlet form {Si^,V{Si^)) associated with —A/2 + pt{x) 
on L^(M'^). Then 0^^ G V{£J) since (p^ has compact support and J |V0(^pda; < 00. 

Let us decompose (j)^^ as 7t'0i^ + \/l — 7(^V'2 by using ■?/'2 ^ T^{£lo) with unit L^-norm 
and orthogonal to t/'^ with respect to £^(^(-, ■) -|- (■, ■)l2. Note that we have 

(7.8) 8^{i,^,^2) = ((-A/2 +pi)V^^, V^2)l2 = Af (M'^)(V^^, V^2)l2 
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since ip^ is an eigenf unction. Hence in fact Si^{ip^,ip2) = (V'a;,'^2)L2 = and it 
follows that 



(7.9) 



= 7X(M'^) + (l-7t')^.(V^2,V^2). 



Now for u E G2, one can easily find 



S. 



ujyy^uj-) y^u) J 



) = o / |V0^(a:)|Ma:+ / (K;(a:) - V:,(O))0^(x)Mx + o r^^ 



a-d+2 



(7.10) 



Ar(i?,)-VL(o) + o(r"^) 



Af(R'') + o r— 



ct-d+2 



where the last line is due to part (i). On the other hand, by the variational formula 
and (7.7), 



(7.11) 



^.(v^2, v^2) > Ar(M') > Af (r) + c,t-- 



a-d+2 



Substituting these relations into (7.9), we obtain 7^^ — )> 1 as t — ?> 00. Finally, since 
both (f)^ and ip^ are non-negative, 7t must converge to 1 and the last assertion is 
proved. D 



Let us define r = t 2q +2 and 



(7.12) 
(7.13) 



Fi(x,w) = E^ 



t-T 



expj- / VL(X,)ds|:Gi(t-r 
l)0^(x)exp{-(t-r)A^(fii)} 



for the ease of notation. Note that r > Tr{tY for sufficiently large t. Applying the 
Markov property at time r, we find that the numerator of Qt[f{X) : Gi{t) fl G2] is 



(7.14) 



E^Eo 

= E 



f{X) exp <! - / K.(X,)ds \ : G'i(t) n G^ 



-Eq 



/(X)exp<{- / VL(X,)ds 



Fi(X.,a;):G'i(r) 



iG, 



30 RYOKI FUKUSHIMA 

To replace Fi by F2 in this expression, we estimate the difference as 



E, 



/(X)exp 



K;(X,)ds 



(7.15) 



< 



< 



{Fi{Xr,u)-F2{Xr,cu)):Giir) 

pil,0,x)S^_,\F,{;Uj) - F2i;0j)\ix)dx 



p{l,0,xydx\ \\S^^,\F,{;i0)-F2{;C0) 



12, 



where p(t,x,y) denotes the transision Icernel of the Brownian motion and {S'^}s>o 
the semigroup generated by — A/2 + V^ in Bf with the Dirichlet boundary condition. 
Now, it is well known that ||S'^||j^2^£^2 = exp{—s\i{Bt)} and also by considering 
eigenfunction expantion, one can deduce from Lemma 8-(ii) that 

(7.16) \\F,{;u) - F2{-,u)\\, < |5,|i exp |-(t - r) (^X^,{Bt) + 03^^ 
on 02- Therefore for sufficiently large t, 

(7.17) RHS of (7.15) < exp [-tX'^iBt) - ^t^^^} . 
Coming back to (7.14) and replacing Fi by F2, we arrive at 



LHS of (7.14) = E 



En 



{7.U 



/(X)0,(X.)exp 



„ l)e-(*--)^"(^') : G2 



V^{X,)ds}:G^{T 



+ O (exp j-t^'^^}) E [exp {-tX'^,{Bt)}] . 

Recall that the last term is of o{Zt) due to Lemma 4. 
Lemma 9. Uniformly in u E G2, 



(7.19) 



Eq 



/(X)0^(X.)exp 



V^{Xs)ds } : Gi{t 



^^rX^iB^Hoii) U^o)R-^^-^[f{X)] + O (exp {-(logt)^}) . 



Proof. Let us use the orthogonal decomposition 0^ = 'jt'ipuj + a/1 — 7f'?/'2 in the proof 
of Lemma 8. Denoting the left-hand side of (7.19) by T(0(^), we have 



(7.20) 



T(0^) = 7iT(^^) + v/l-7mV^2). 
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We begin with the first term in the right-hand side. We know 74 — )> 1 by Lemma 8- 
(iii) and on G2, 



< exp \ -TV^{mt{uj)) +r^ 

Eq 



f{X)MXr) exp <j - / V^{Xs)ds } : Gi{r) 



(7.21) 



/(X)^^(X.)exp|- / MX.,-mt{io))ds\ : ^(r) 

thanks to our choice of r. On the other hand, it follows by the Girsanov transform 
and Brownian scaling that 

-,mt(i^) 



i?r^"^ [fix) : X[o,.,] C r{t)-'B,] 



(7.22) 



e'^'En 



fix) 



ij^{r{t)Xr(t)-2r) 



MO) 

exp <; - / pt{r{t)X^(^t)-2, - mt{u))ds > : Gi{r) 

Combining the above estimates and using Lemma 8-(i), we obtain 

(7.23) 7*T(^.) = e--^"(^')+°(i)^^(0)<*(") [/(X) : X^^.o/^] C r{t)-'Bt 

Finally, by the very same argument as for the proof of the strong localization, it 
follows that 



RT'^' P^[o,^o/^] ^ r{t)-'BA = O (exp{-(logt)2}) 



(7.24) 

on G2- (We have used the second condition in G2 to control ipuii^)-) 

Next, we estimate the second term on the right-hand side of (7.20). This is rather 
easy since by the same argument as for (7.17), it follows 



(7.25) 



\T{M\ < ||/||ooexp{-(r-l) (Ar(i?t) + C3t-"^) 
<||/|Uexp{-rAr(fi,)-|^"}- 



D 



Substituting (7.19) into (7.18) and dropping o{Zt) term, we obtain 



(7.26) 



Qt[fiX):Gr{t)nG2] 
1 



~ — E 
Z, 



-*^?(^*)(0.,i)(^.(o)<*(-)[/(x)] 

+ 0(exp{-(logt)2})) :G2 . 
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The term (9(exp { — (logt)^}) is negligible in view of Lemma 4 and the fact that 
|(0w, 1)1 < ||0a;||L2(Bt)||l||L2(_Bt) giows at most polynomially fast. Therefore we arrive 
at the expression 

Qt[f{X):Gi{t)nG2] 

~ / 1e [e-*^i(^*)(0^, 1) : G„m{co) e dm] 
(7.27) J Zt ' 



^C{d,a)\' J /C(rf,«),_,2 



y/2nr{t) 



ew<-\^,^\mnRo[fiX)]. 



Since E[e~*'*'i'*^^*)(0(^, 1) : G2,'mt{uj) G dm] defines a translation invariant measure on 
-8(0, (logt)'^/^), it is a constant multiple of the Lebesgue measure. We can determine 
the constant asymptotically by setting / = 1 and it follows that the right-hand side 
of (7.27) converges to 




(7.28) /dm[ ^^-- I e^p{-\l^^\m\'}R-[f{X)]. 

D 



[1 

[2' 

[3 

[4; 

[5] 
[6] 

[7 
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[9 

[lo; 



References 

E. Bolthausen. Localization of a two-dimensional random walk with an attractive path inter- 
action. Ann. Probab., 22(2):875-918, 1994. 

R. Carmona and J. Lacroix. Spectral theory of random Schrodinger operators. Probability and 
its Applications. Birkhauser Boston Inc., Boston, MA, 1990. 

J.-D. Deuschel and D. W. Stroock. Large deviations, volume 137 of Pure and Applied Mathe- 
matics. Academic Press Inc., Boston, MA, 1989. 

M. D. Donsker and S. R. S. Varadhan. Asymptotics for the Wiener sausage. Comm. Pure 
Appl. Math., 28(4):525-565, 1975. 

R. Fukushima. Second order asymptotics for Brownian motion among a heavy tailed Poisso- 
nian potential, to appear in Markov Processes and Related Fields, 2011. 

G. Griininger and W. Konig. Potential confinement property of the parabolic Anderson model. 
Ann. Inst. Henri Poincare Probab. Stat., 45(3):840-863, 2009. 

L. A. Pastur. The behavior of certain Wiener integrals as t -^ oo and the density of states of 
Schrodinger equations with random potential. Teoret. Mat. Fix., 32(l):88-95, 1977. 
T. Povel. Confinement of Brownian motion among Poissonian obstacles in R'^, cf > 3. Probab. 
Theory Related Fields, 114(2):177-205, 1999. 

A.-S. Sznitman. On the confinement property of two-dimensional Brownian motion among 
Poissonian obstacles. Comm. Pure Appl. Math., 44(8-9):1137-1170, 1991. 
A.-S. Sznitman. Brownian motion, obstacles and random media. Springer Monographs in 
Mathematics. Springer- Verlag, Berlin, 1998. 



Ryoki Fukushima, Department of Mathematics, Tokyo Institute of Technology, 
Tokyo 152-8551, JAPAN 

E-mail address: ryoki@matli.titecli.ac.jp 



